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Grioli-type precession relative to an inclined axis is considered in the problem of the motion of a heavy rigid body in a liquid,
described by the Kirchhoff-Clebsch equations with Chaplygin’s condition. Conditions for the existence of a solution, corresponding
to this class of motions in the case when the body’s axes of spin and precession are not perpendicular to one another, are obtained.
© 2000 Elsevier Science Ltd. All rights reserved.

Let us assume that a free rigid body, bounded by a simply-connected surface, is moving under the action
of a uniform gravitational force field in an unlimited volume of ideal incompressible liquid in irrotational
motion and at rest at infinity. In the body there is a symmetrically shaped flywheel, rotating at a constant
angular velocity about an axis rigidly attached to the carrier-body. We will also assume that the weight
of the liquid displaced by the body is equal to the weight of the body plus the flywheel.

Referring to a system of coordinates Oxyx,x; rigidly attached to the body, we introduce an impulsive
force R = (R}, Ry, R3) — the momentum vector of the “gyrostat plus liquid” system, and an impulsive
momentum P = (P, P,, P;) — the angular momentum vector of the system about the point O. Then
the kinetic energy of the system is [1-3]
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where ay, b; and c; are constants, which depend on the characteristics of the “gyrostat plus liquid” system.
Let A, iz and A; denote the projections of the gyrostatic moment of the flywheel onto the x; axes, and
let ey, e, and e3 be constants proportional to the projections onto the x; axes of a radius-vector drawn
from the centre of gravity of the volume bounded by the external surface of the body to the centre of
mass of the gyrostat. The components of the vectors of translational velocity u and instantaneous angular
velocity € are defined by the relations

u; = OT/OR,, Q,‘ = OT/()P,, i= l, 2, 3 (2)

Let us assume that the impulsive force R is directed along the upward vertical. According to well-
known results [1-4], the equations of motion of the “gyrostat plus liquid” system may be written in the
form

dﬂ /dt""Qz(}’s +l3)—Q3(Pz +12)+ u2R3 -u3R2 = ezR3 ‘e3R2 (123) (3)

dR, | dt +Q,Ry —Q,R, =0 (123) (4)

Thus, Egs (3) and (4) describe inertial motion in an unlimited liquid of a rigid body bounded by a
simply connected surface [4]. The symbol (123) means that the other equations are obtained by cyclic
permutation of the indices 1, 2, 3.

Let vy be a fixed unit vector in the immovable space, and let a be a unit vector fixed in the body
(a=0).

The motion of the body is said to be precessional [5] if the angle 6, between the vectors a and y remains
constant throughout the motion. By definition, the condition for the motion to be precessional may be
characterized by the following invariant relation
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Let v be a unit vector characterizing the fixed direction in space of the impulsive force R = Hy
(R? = H? = const). Without loss of generality, we will assume that the vector a points in the direction
of the x; axis. We attach an immovable system of coordinates to the vector v, introducing the Euler
angles 6y, ¢ and v, so that

Y =(agsin@,agcosQ,ay), ag=sinby, ¢y =cosCy, by =sino,

()
v =(co +agbysinWyy —bgasiny — by(y xa)cosy, by =by/aj
where o is the angle between the vectors v and y.
Then the angular velocity of the body can be expressed in the form
Q =g¢a+Vy (6)

This relation is the kinematic condition for the motion of a rigid body with a fixed point to be
precessional [5].

Suppose the motion of the gyrostat is regular Grioli-type precession about an inclined axis [6).
Then the condition ¢ = Vs is satisfied. A suitable choice of the fixed system of coordinates will
ensure that ¢ = y = mt, where m is a constant. Then, taking relations (5) and (6) into consideration,
we have

Q, =magsing, K, =magcosp, Qy=m(l+ay)
b b
R, = H(ageo Si"‘p"zi(' "ao)—'zi(Hao)cosZ(p) )

R, = H(aycycos @ + le(l +ay)sin2¢), Ry = H(aycy — byag sin @)

It can be verified that Eqs (4) are satisfied identically by relations (7).
On the basis of relations (2), we express the vectors P and u in this form

P=AQ-CR, u=C'QQ+BR
A=llA; I} =a”', B=|IB;Ii=b-c"a"'c, C=|iC;lli=ac 8)
a=la; I}, b=lb; I, c=lc;l

Substituting expressions (7) and (8) into the first of Eqs (3) and stipulating that the resulting equality
should be an identity in the variable ¢, we find the conditions

Hby, Hby,

= = =- ——B,,, Cyp=C,——8B
By =B, B;=0 C=-Cy+ om 2 2=Cn—5 "B,
mz(l - ao)(A22 - Al 1 )+ H2b0COGoB|3 - Hboel bl meo(l - ﬂo)(Cm + C3]) = 0
HCo(]+200)Bz3 —82 +m(]+ao)(C23+C32)=o (9)
HbycoagBas —2m* (1 - ag)A, — Hbyey ~ mHby(1—ag)(Cyz + C3p) =0

Y5 H2 by (c2(1+ ag) + agh? ) Byy — m* (1= ag)coAyp + mbgh, + m?boagAy; = 0
m?(1-ag)co(Ay, — Ay ) — Y5 H?b3 Bjy — mbyh, — m2byagA,; +
+me0C0(C|3 + C3| ) + me§C33 =0

Taking relation (9) into consideration, we substitute expressions (7) and (8) into the second

of Eqgs (3) and, stipulating that the resulting equality should be an identity in the variable @, we
find



Grioli-type precession of a heavy rigid body in a liquid 529

B3=0, By=0, Ap=0, m(Ap—A;)—~Hby(Ci3+Cyy)=0, Ay =0
ma0/\|3 + Hbo(] =~ Qqg )C“ + HboaoC33 =0

(10)
mb0[a0A22 - (l + ao)A33] - box:; + MCo(l + ao)Al3 +
+HboC0[(] + 200)C33 - 2aoC, 1 ] =0
By (10) we deduce from (9) that
C22 =C“, C2| =—C|2, C23 ="C32, e =€ =0, XZ =0
(11)

Haoco(C,3 + C3| )+ Hb0C33 - Xl - ma0A13 =0
Using the restrictions obtained on the parameters of problem (10), (11), we substitute expressions
(7) and (8) into the third of Egs (3). The resulting equality will be an identity in the variable ¢ provided
that

m?(Ay — Ay)+ Hb3 (B, - B33) =0

(12)
mz(l + ao)A,3 + HzaoboCo(B“ - B33)+ Hb083 =0
Relationships (10)-(12) can be conveniently expressed as follows:

A=Ay =0, By=B8,, B;=B3;=B;=0 A,=0

g=6=0 Cp=C) C=-C) Cu=-Cy A=GC3+GC;

X1 =G+ +a9(Cy3 ~Cy)y X2 =AisXo +(Ap — A NCy3 —Cy)

2
%o Cu(A) —Ap)
By=B,+—2 g =2u""n’ (13)
’ ! Ap — Ay X2
= Hboxo - M
Ap =~ 4y boXy + CodoXo

- e3(Ay = Ayy)* (ot + cogXo)
Xolbo((Axy — A\ XX — Ca3) — ApaXo) + CoagXo (422 — Apy))

)Il

by _ aghaxd — e3l(1+ ag)Ay3Xg +(Cay +2a4(Cs3 = G, )N(Ap — Ayl
Co e3Xo(apAy, —(1+ap)As3) +(1+ag)A3A15(Bs; — Byy)

If conditions (13) are satisfied, the motion of the body will be Grioli precession about an inclined axis.
Note that in the case considered the body’s axes of spin and precession will not be mutually
perpendicular. Setting a; = 0 in (13), we obtain results established by Rubanovskii [7].
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